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Abstrat
A nanomehanial resonator oupled to a tunnel juntion is studied. The osillator modulates
the transmission of the juntion, hanging the urrent and the noise spetrum. The inuene of the
osillator on the noise spetrum of the juntion is investigated, and the noise spetrum is obtained
for arbitrary frequenies, temperatures and bias voltages. We nd that the noise spetrum onsists
of a noise oor and a peaked struture with peaks at zero frequeny, the osillator frequeny and
twie the osillator frequeny. The inuene of the osillator vanishes if the bias voltage of the
juntion is lower than the osillator frequeny. We demonstrate that the peak at the osillator
frequeny an be used to determine the osillator oupation number, showing that the urrent
noise in the juntion funtions as a thermometer for the osillator.
PACS numbers: 73.23.-b, 85.85.+j, 72.70.+m, 03.65.Ta
1
I. INTRODUCTION
The reent years have seen the shrinking of mehanial omponents to mirometer and
further to nanometer size, spawning the new eld of nanomehanis.
1,2
Manufaturing teh-
niques borrowed from semiondutor hip manufaturing (see e.g. Ref. 3) as well as bottom
up approahes utilizing nanotubes
4
make it possible to produe nanomehanial resonators
with resonane frequenies presently demonstrated up to 1 GHz. Nanomehanial resonators
are of interest for several reasons. In proposed tests of the limits of quantum mehanis
one would like to investigate the deoherene behavior of superpositions of marosopially
distint states, of e.g. a nanomehanial resonator.
5,6
Typial nanomehanial resonators
ontain a marosopi number of atoms, ∼ 107, making the amplitude of the basi mode a
marosopi observable. The signature of suh superpositions is strongest for low osillator
oupation numbers. Presently obtainable resonator frequenies are high enough to make
ooling to the ground state feasible. Experimental eorts are under way to reah the rst
goal neessary for these measurements, ooling a nanomehanial resonator to the ground
state.
7,8,9,10,11
Other appliations inlude the use of nanomehanial resonators as ultra-sensitive fore
detetors. Mass detetion with zeptogram resolution utilizing nanomehanial resonators
has been realized only reently.
12
Nanosized antilevers an also be used to detet magneti
fores. Detetion of a single eletron spin using a nanomehanial antilever has already
been demonstrated.
13
Nanomehanial resonators an also nd an appliation in the ontext
of quantum omputing. Coherent mehanial osillators are suggested as oupling elements
between phase qubits in a solid state quantum omputer.
14
All the mentioned appliations
not only require the fabriation of a suitable osillator but also a way to detet the motion
of a nanomehanial resonator. Dierent shemes for detetion have been proposed (see
e.g. Ref. 1). The most promising andidates for sensitive readout are eletrial devies,
suh as tunnel juntions or single eletron transistors, inorporated on the same hip as the
nanomehanial resonator.
1
In the light of the possible appliations it is neessary to obtain a theoretial understand-
ing of nanomehanial resonators interating with eletrial devies on a hip. Theoretial
desriptions of harge dynamis inuened by an osillator have, up to now, mainly used
a master equation tehnique. Mozyrsky and Martin investigated the model, where the
2
transmission oeient of a tunnel juntion depends on the position of a nearby harmoni
osillator, in the zero temperature limit. They found that the osillator aquires an eetive
temperature proportional to the juntion bias voltage and also nd the inuene of the os-
illator on the juntion urrent at zero temperature.
15
Clerk and Girvin alulated the noise
indued by a harmoni osillator in a tunnel juntion for d and a bias at zero tempera-
ture using a Markovian master equation.
16
The authors, together with Khomitsky found the
urrent in a tunnel juntion inuened by an osillator for arbitrary system parameters.
17
The urrent and the noise power spetrum for an asymmetri juntion in the high voltage
limit were also alulated. Smirnov, Mourokh and Horing
18
analyzed the position utua-
tions in the stationary state of a nanomehanial osillator oupled to a tunnel juntion for
an exponential dependene of the tunneling amplitude on the osillator position as well as
the urrent through the tunnel juntion. The theoretial desriptions of a nanomehanial
osillator interating with a single eletron transistor onentrated on the eets the single
eletron transistor, ating as a non-equilibrium environment, has on the osillator. Ro-
drigues and Armour
19
derived a master equation for an osillator-single eletron transistor
system and investigated stationary state properties and dynamis. Blenowe, Imbers and
Armour
20
as well as Clerk and Bennett
21
onsidered the interation of a superonduting
single eletron transistor with a nanomehanial resonator and disovered that for a partiu-
lar soure-drain voltage the single eletron transistor an ool the osillator and investigated
a regime where the damping onstant beomes negative .
In this artile we onsider a tunnel juntion oupled to a harmoni osillator as a model
for a nanomehanial resonator interating with a detetor and onentrate on the features
of the noise power spetrum that the osillator indues in the tunnel juntion. We are
interested in this model system for several reasons: The indued noise provides a means to
determine the temperature of the osillator. A shot noise thermometer, utilizing a tunnel
juntion, was demonstrated by L. Spietz et al.
22
and was shown to work over a temperature
range from 50mK to 25K. The noise indued by a nanomehanial osillator in a SET
has been suessfully used to detet the temperature of a nanomehanial osillator in two
reent experiments,
7,8
in the region where the oupation number of the osillator was large.
We also want to investigate if there exists a signature of the osillator in the noise power
spetrum even if the osillator is in its ground state and the voltage is insuient to exite
the osillator. A reent treatment of a similar system, onsidering a spin instead of an
3
osillator, laims a non-vanishing ontribution to the noise power under these onditions.
23
A similar predition ould be made by blithely extending the result obtained by a Markovian
master equation (e.g. from Ref. 17) into the region where the bias voltage is smaller than the
osillator frequeny. Revisiting the juntion/osillator system utilizing a dierent tehnique
will give us opportunity to investigate the question of the seemingly non-vanishing noise.
Also there has been a reent theoretial disussion about whih urrent-urrent orrelator
is deteted in a noise experiment. Lesovik and Loosen,
24
Aguado and Kouwenhoven,
25
as
well as Gavish et al.
26
argue, that a passive detetor, e.g. a LC osillator at zero temperature
or a two-level system, an only detet the positive frequeny part of the Fourier transform of
the unsymmetrized urrent-urrent orrelator. The osillator oupled to a tunnel juntion
gives us the opportunity to revisit this question in the ontext of a more ompliated system
than a mere tunnel juntion.
In this paper we will apply a Green's funtion tehnique to alulate the noise power
spetrum of a tunnel juntion oupled to an osillator in the approximation of weak oupling,
but for otherwise arbitrary parameters. The artile is strutured as follows: In setion II
we introdue the model Hamiltonian, and in setion III we onsider the stationary state of
the osillator using a Green's funtion tehnique. In setion IV we alulate the average
urrent through the juntion as well as the unsymmetrized noise power spetrum. We
onsider appliation of the results in setion V, disussing noise thermometry. We present
the onlusions in setion VI. Details of the alulations are presented in appendies.
II. OSCILLATOR INTERACTING WITH A TUNNEL JUNCTION
Let us onsider the situation of a nanomehanial resonator, modelled as harmoni os-
illator, interating with a measuring devie, modelled as a tunnel juntion. The osillator
modulates the transmission amplitude of the juntion thus hanging the urrent and noise
harateristis of the juntion. The biased juntion in turn ats as a non-equilibrium environ-
ment for the osillator, driving the osillator from its initial state into a stationary thermal
equilibrium state, albeit with a temperature dierent from the environment temperature of
the tunnel juntion. The Hamiltonian of the model system is
Hˆ = Hˆ0 +Hl +Hr + HˆT (2.1)
4
where Hˆ0 is the Hamiltonian for the isolated harmoni osillator with bare frequeny ΩB and
massm. A hat marks operators ating on the osillator degree of freedom. The Hamiltonians
Hl,r speify the isolated left and right eletrodes of the juntion
Hl =
∑
l
εl c
†
l
cl , Hr =
∑
r
εr c
†
r
cr (2.2)
where l,r label the quantum numbers of the single partile energy eigenstates in the left and
right eletrodes, respetively, with orresponding energies εl,r and annihilation and reation
operators. The operator HˆT desribes the tunnelling,
HˆT = Tˆ + Tˆ
† , Tˆ =
∑
l,r
Tˆlrc
†
l
cr (2.3)
with the tunneling amplitudes, Tˆlr = Tˆ
†
rl
, depending on the osillator degree of freedom.
Due to the interation of the tunnel juntion and the osillator, the tunnelling amplitudes
and thereby the ondutane of the tunnel juntion depend on the state of the osillator.
In the following we assume linear oupling between the osillator position and the tunnel
juntion
Tˆlr = vlr + wlrxˆ (2.4)
where vlr = v
∗
rl
is the unperturbed tunneling amplitude and wlr = w
∗
rl
its derivative with
respet to the position of the osillator.
To disuss the urrent and noise in the tunnel juntion, the urrent operator is needed
Iˆ = i
(
Tˆ − Tˆ †
)
. (2.5)
The tunneling Hamiltonian onsists of a part independent of the state of the osillator
and a part that depends on the state of the osillator, so that the tunneling Hamiltonian,
Eq. (2.3), an be presented on the form
HˆT = hv + xˆhw. (2.6)
For notational onveniene, we have introdued the symboli notation
hu = Tu + T
†
u , Tu =
∑
lr
ulrc
†
l
cr, u = v, w , (2.7)
where the symbol ulr an take the values vlr or wlr. Similarly we an write the urrent
operator, Eq. (2.5), as
Iˆ = jv + xˆjw, (2.8)
5
with
ju = i
(
Tu − T
†
u
)
, u = v, w . (2.9)
When alulating urrent and noise in the tunnel juntion the following ombinations of
the model parameters vlr and wlr appear

Gvv
Gww
Gvw


= 2π
∑
lr


v2
lr
w2
lr
vlrwlr


(
−
∂f(εl)
∂εl
)
δ(εl − εr), (2.10)
where f is the Fermi funtion. Here and in the following, the transmission matrix elements
are assumed real.
III. STATIONARY STATE PROPERTIES OF THE OSCILLATOR
In this setion we onsider the properties of the stationary state a harmoni osillator
reahes due to interation with a tunnel juntion. In the Keldysh tehnique (for a review
see e.g. Ref. 27), we introdue the ontour ordered osillator matrix Green's funtion
D(τ, τ ′) = −i 〈Tc (xˆH(τ)xˆH(τ
′))〉 . (3.1)
The subsript H refers to an operator in the Heisenberg piture. Eah of the times τ and
τ ′ belong to one of the two branhes of the Keldysh ontour from −∞ to +∞, Tc denotes
the ontour ordering operator that orders operators along the Keldysh ontour. We will use
the symbol τ to denote times on the ontour, whereas t denotes real times. The branh
index makes D a 2 × 2 matrix. The Keldysh matrix dened by Eq. (3.1) an be linearly
transformed to the triangular form:
D =

 DR DK
0 DA

 , (3.2)
where DR, DA, and DK are the retarded, advaned and Keldysh Green's funtions, respe-
tively.
For a stationary state, the elements of the Keldysh matrix are funtions of only the
dierene of real times t−t′, and the Fourier transformed osillator Green's funtion satises
6
the matrix Dyson equation (
D−10 (ω)− Π(ω)
)
D(ω) = 1ˆ (3.3)
where D−10 (ω) = [m(ω
2 − Ω2B)], ΩB being the bare osillator frequeny, and the self-energy
(polarization operator) is a matrix of the form
Π =

 ΠR ΠK
0 ΠA

 . (3.4)
Assuming weak interation of the osillator with the tunnel juntion, the self-energy an
be taken to lowest order. Calulations, details of whih an be found in appendix A, give
the following expression for the polarization operator,
Π(ω) = −iGww

 ω 2SV (ω)
0 −ω

+R+ww(ω)1ˆ, (3.5)
where the ondutane Gww is dened in Eq. (2.10) and the seond term, the real part of
the self-energy, is given by Eq. (A11); for ω of the order of the osillator frequeny, R+ww(ω)
an be replaed by a onstant R+ww(ω) ≈ R
+
ww(0).
32
The funtion
SV (ω) =
V + ω
2
coth
V + ω
2T
+
V − ω
2
coth
V − ω
2T
, (3.6)
where T is the temperature of the juntion and V = eU , U being the applied d-voltage, is
proportional to the well-known value of the power spetrum of urrent noise of the isolated
juntion, see e.g. Ref. 28. Solving the Dyson equation, Eq. (3.3), the retarded and advaned
osillator Green's funtions beome
DR(ω) = m−1
1
(ω + iγe)
2 − Ω2
, DA(ω) =
(
DR(ω)
)∗
, (3.7)
where γe = −ℑΠ
R(ω)/2mω, the damping oeient due to the oupling to the juntion is
γe =
Gww
2m
, (3.8)
and the renormalized osillator frequeny is
Ω2 = Ω2B − γ
2
e +
1
m
R+ww(0). (3.9)
For the Keldysh omponent we obtain
DK(ω) =
(
DR(ω)−DA(ω)
) SV (ω)
ω
. (3.10)
7
Additionally to the environment provided by the oupling to the tunnel juntion a
nanomehanial osillator is also subjet to an intrinsi environment, e.g. phonons, at-
ing as a heat bath and leading to damping. This additional heat bath, whih we take
to have the same temperature, T , as the juntion, an be added phenomenologially, or
expliitly by adding the interation with a bath of harmoni osillators (as introdued in
Refs. 16,17). The total damping oeient for the harmoni osillator will then be the sum
of the damping oeients stemming from the tunnel juntion, γe, and the heat bath, γ0,
giving a total damping oeient γ = γe+ γ0. As a onsequene of the additional heat bath
the relation between the osillator Green's funtions, Eq. (3.10), is modied aording to
DK(ω) =
(
DR(ω)−DA(ω)
)(γe
γ
SV (ω)
ω
+
γ0
γ
coth
ω
2T
)
, (3.11)
with the damping oeient γe given in Eq. (3.7). The relation for the Keldysh Green's
funtion, Eq. (3.11), is harateristi of the osillator interating with the environment whih
is in a non-equilibrium but steady state, and only in the absene of a bias voltage it redues
to the utuation-dissipation relation for an osillator in thermal equilibrium at temperature
T . However, sine the oupling of the osillator to the juntion is weak, γ ≪ max(V,Ω, T ),
the osillator spetral funtion is peaked at its frequeny Ω, and Eq. (3.11) an be written
in the standard form
DK(ω) =
(
DR(ω)−DA(ω)
)
coth
ω
2T ∗
, (3.12)
where the temperature T ∗ haraterizing the stationary state of the osillator is given by
coth
Ω
2T ∗
=
(
γe
γ
SV (Ω)
Ω
+
γ0
γ
coth
Ω
2T
)
. (3.13)
The temperature of the osillator, T ∗, depends not only on the environment temperature
T , but also on the bias voltage of the juntion V , as well as the relative oupling strengths
γe/γ and γ0/γ. For zero bias voltage the eetive temperature redues to the environment
temperature. A frequeny dependent eetive temperature in the ontext of nanomehanial
systems was also disussed by Clerk,
29
as well as by Clerk and Bennett,
21
for oupling to a
general environment. Clerk derived a Langevin equation for a harmoni osillator oupled
to a utuating fore, and obtained a relation similar to Eq. (3.13), dening a frequeny
dependent eetive temperature.
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IV. NOISE PROPERTIES OF THE JUNCTION
In this setion we shall study how a harmoni osillator interating with a tunnel juntion
inuenes the urrent noise in the tunnel juntion in the steady state. The noise properties of
the juntion urrent an be obtained in perturbation theory. The noise spetrum is speied
by the urrent-urrent orrelation funtion〈
δIˆH(t)δIˆH(t
′)
〉
=
〈
IˆH(t)IˆH(t
′)
〉
− I2, (4.1)
where the urrent operator is given by Eq. (2.8) and the subsript H refers to an operator
in the Heisenberg piture. For alulational onveniene we introdue the urrent-urrent
orrelator with the time arguments lying on the Keldysh ontour
S(τ, τ ′) =
〈
Tc
(
δIˆH(τ)δIˆH(τ
′)
)〉
. (4.2)
It an be written in the interation piture as
S(τ, τ ′) =
〈
Tc
(
e−i
R
c
dτHˆT (τ)Iˆ(τ)Iˆ(τ ′)
)〉
− I2, (4.3)
where c denotes the Keldysh ontour. To obtain the noise spetrum from the urrent-urrent
orrelator Eq. (4.3) we introdue Keldysh indies i, j = 1, 2, that label the ontour, e.g.,
i = 1 for the forward ontour or i = 2 for the bakward ontour, and revert to using the real
times t and t′, so that
S(τ, τ ′)→ Sij(t− t′). (4.4)
Finally, taking the Fourier transform of Eq. (4.4) we obtain
Sij(ω) =
∫ ∞
−∞
dt eiωtSij(t). (4.5)
For alulational purposes it is suient to onsider the real-time unsymmetrized urrent-
urrent orrelator
S<(t− t′) = S12(t− t′) = 〈I(t)I(t′)〉 , (4.6)
sine all other orrelators an be derived from it, e.g. S>(t− t′) = 〈I(t′)I(t)〉 = S<(t′ − t).
A. I-V harateristi
First we alulate the average urrent I to seond order in the tunneling amplitude
I(t) = −i
∫
c
dτ
〈
Tc
(
HˆT (τ)Iˆ(t)
)〉
. (4.7)
9
Inserting the tunneling Hamiltonian Eq. (2.6) and the urrent operator Eq. (2.8) we get two
ontributions to the urrent
I = Ivv + Iww, (4.8)
where one part is given by the standard result for the tunnel juntion
Ivv = GvvV, (4.9)
with the ondutane given by Eq. (2.10).
The ontribution indued by the oupling to the osillator, Iww, an be written as
Iww =
1
2i
Gww
∫ ∞
−∞
dωJ(ω). (4.10)
where the ondutane is given by Eq. (2.10) and
J(ω) = V DK(ω)−
[
DR(ω)−DA(ω)
]
∆V (ω), (4.11)
with the osillator Green's funtions found in setion III, and
∆V (ω) =
V + ω
2
coth
V + ω
2T
−
V − ω
2
coth
V − ω
2T
. (4.12)
Sine the osillator Green's funtions are peaked at the osillator frequeny the integral in
Eq. (4.10) an be evaluated and using the expression for the Keldysh Green's funtions,
Eq. (3.12), we get
Iww =
1
2
G˜ww [V+N
∗ + V− (N
∗ + 1)] , (4.13)
where
G˜ww =
~
mΩ
Gww (4.14)
and we introdued the short notation
V± = V ±∆V (Ω) (4.15)
and the oupation number of the osillator is given by the Bose funtion
N∗ =
1
eΩ/T ∗ − 1
, (4.16)
where the temperature of the osillator, T ∗, is speied in Eq. (3.13). From Eq. (4.13) it an
be seen that two osillator-assisted tunnelling proesses ontribute to the urrent: tunneling
eletrons gaining energy from the osillator and loosing energy to the osillator, respetively.
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B. Current-urrent orrelator
Next we turn to alulate the urrent-urrent orrelator. For an isolated juntion, the
noise is given by the seond order expression in the tunneling amplitude sine the fourth
order orretion only introdues a small featureless orretion. However, when the juntion
is oupled to a quantum system exhibiting resonant behavior, as in the ase of the osillator,
the interation of the system with the tunnel juntion an markedly inrease the fourth order
noise orretion at the resonane and ombinational frequenies. We will be interested in the
resonant ontributions and will therefore onsider the urrent-urrent orrelator to fourth
order.
Expanding the expression for the urrent-urrent orrelator, Eq. (4.3), to fourth order in
the tunneling amplitude we obtain
S(τ, τ ′) = S(2)(τ, τ
′) + S(4)(τ, τ
′), (4.17)
with the orrelator to seond order in the tunneling amplitude
S(2)(τ, τ
′) =
〈
Tc
(
Iˆ(τ)Iˆ(τ ′)
)〉
(4.18)
and the orrelator to fourth order in the tunneling amplitude
S(4)(τ, τ
′) =
−
1
2
∫
c
dτ1
∫
c
dτ2
〈
Tc
(
HˆT (τ1)HˆT (τ2)Iˆ(τ)Iˆ(τ
′)
)〉
L
, (4.19)
where the subsript L denotes that only linked diagrams ontribute to the expression, sine
the disonneted diagrams are anelled by the urrent squared term. We rst investigate
the seond order in tunneling ontribution to the urrent-urrent orrelator, resulting in the
noise oor.
1. Noise oor
In this setion we are going to disuss the noise oor. The main ontribution to the oor
omes from the seond order ontribution to the noise spetrum.
To seond order in the tunneling amplitudes the urrent-urrent orrelator
S(2)(τ, τ
′) = Svv(τ, τ
′) + Sww(τ, τ
′), (4.20)
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onsists of the orrelator for the isolated juntion
Svv(τ, τ
′) = 〈Tc (jv(τ)jv(τ
′))〉 = −iΠ+vv(τ, τ
′), (4.21)
and a ontribution indued by the oupling to the osillator
Sww(τ, τ
′) = 〈Tc (jw(τ)jw(τ
′))〉 〈Tc (xˆ(τ)xˆ(τ
′))〉 , (4.22)
and therefore
Sww(τ, τ
′) = −Π+ww(τ, τ
′)D(τ, τ ′), (4.23)
where Π+vv and Π
+
ww are given by Eq. (A1). The orrelator for the isolated juntion an be
presented as
S<vv(ω) = Gvv [SV (ω)− ω] . (4.24)
This result has been previously obtained by Aguado and Kouwenhoven for the quantum
point ontat.
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The symmetrized noise spetrum of an isolated juntion
SKvv(ω) = S
<
vv(ω) + S
>
vv(ω), (4.25)
beomes the well known result
30
SKvv(ω) = 2GvvSV (ω), (4.26)
where we used the property, S<(ω) = S>(−ω). In the limit of zero voltage the noise oor
redues to Johnson-Nyquist noise. The Markovian master equation approah employed in
Ref. 16 and Ref. 17 is not able to reprodue the orret frequeny dependene, but only
aptures the zero frequeny noise, and gives a onstant noise oor with the magnitude of
SK(0).
At low temperatures T ≪ V , the noise spetrum S<vv is ontrolled by the voltage V : at
positive frequenies ω > |V | the noise is exponentially small, S<vv(ω) ≈ 0, and S
<
vv inreases
linearly with the distane from the threshold ω = |V |:
S<vv(ω) = Gvv [(V − ω)θ(V − ω) + (−V − ω)θ(−V − ω)] . (4.27)
Eq. (4.27) shows that at T = 0, the noise power S<vv(ω) is proportional to the phase spae
volume available for tunnelling events, i. e., the total number of eletron-hole states, with an
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eletron on one side of the juntion and a hole on the other side, with the exitation energy
ω. Obviously, this result holds only in the frequeny range where the eletron density of
states an be onsidered as a onstant.
The ontribution to the noise indued by the osillator, Eq. (4.23), beomes aording
Eq. (3.5)
S<ww(ω) = 2Gww
∫ ∞
−∞
dω1 [SV (ω1)− ω1]D
<(ω − ω1) (4.28)
where D<(ω) = [DK(ω)−DR(ω)+DA(ω)]/2. Realling that the osillator Green's funtions
are peaked at the osillator frequeny, the resulting ontribution to the noise an be presented
as
S<ww(ω) =
1
2
G˜ww {N
∗ [SV (ω−)− ω−]
+ (N∗ + 1) [SV (ω+)− ω+]} (4.29)
where ω± = ω ± Ω and the ondutane G˜ww is given by Eq. (4.14).
The seond order ontribution of the osillator to the noise is similar to that of an isolated
juntion: with a dierent oupling, G˜ww in the plae of Gvv, the noise is given by the
same expressions apart from the frequeny shift ±Ω. The two terms in Eq. (4.29) give
the noise ontribution due to proesses of eletron tunneling aompanied by absorption or
emission of osillator quanta, respetively. When the osillator approahes the ground state,
N∗ → 0, and at low juntion temperatures, T ≪ Ω, V , the noise S<ww(ω) is seen to vanish
for frequenies larger than V − Ω.
As expeted, there will be no ontribution to the noise Eq. (4.29) for positive frequenies
at zero temperature and voltage |V | < Ω, sine the voltage is insuient to exite the
osillator.
To summarize, the seond order ontribution to the noise spetrum onsists of the well
known noise spetrum of an isolated juntion, and a part that depends on the state of the
osillator. The seond order ontribution to the noise spetrum is frequeny dependent and
hanges on the sale of max (V,Ω, T ).
2. Resonant ontribution to the urrent-urrent orrelator
In this setion we onsider the resonant ontribution to the noise spetrum, that is, sharp
peaks in the noise power with a width given by the osillator damping γ. Tehnially, the
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Figure 1: The four diagrams proportional to v2w2 that ontribute to the peak at the osillator fre-
queny. The wiggly lines represent the osillator propagator and the bubbles are dened aording
to Fig. 3. The short arrows labelled by ω indiate the external frequeny, i, j, k and l are Keldysh
indies.
resonant ontribution originates from the fourth order terms Eq. (4.19). Among various
Feynman diagrams generated by the expression in Eq. (4.19), we are therefore interested
only in those that produe resonant features. The diagrams of interest are shown in Figs. 1,
2, where the wiggly lines represent osillator Green's funtions, while the bubbles labelled
with () are antisymmetri ombinations of bubbles of eletron Green's funtions as speied
in Fig. 3.
The diagrams with a single osillator line in Fig. 1 generate sharp features in the noise
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k l
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ω ω
ω − ω1
ω1
−−ω1
ω1
ω − ω1
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ω1
Figure 2: The two diagrams proportional w4 that ontribute to the peaks at ω = 0 and ω = 2Ω.
The wiggly lines represent the osillator propagator and the bubbles are dened aording to Fig. 3.
The short arrows labelled by ω represent the external frequeny, the indies i, j, k and l are Keldysh
indies. Integration over the internal frequeny, ω1 is impliit.
= −
ω1, l
i j ji
ω
−
ji
ω1, l
Πji(−)(ω) = ω − ω1, r
=
ω1, l
i i j
+
ω
+
i j j
ω1, l
Πji(+)(ω) = ω − ω1, r ω − ω1, r
ω − ω1, r
Figure 3: The diagrammati representation of the juntion Green's funtions, Eq. (A1). Eah
bubble represents a linear ombination of two eletron bubble diagrams, with the Keldysh indies
i and j. Integration over the internal frequeny, ω1, is impliit.
spetrum at ω = ±Ω, while the two-line diagrams in Fig. 2 are responsible for noise peaks
in the viinity of ω = 0 and ω = ±2Ω.
An example of a 4-th order diagram whose ontribution is a featureless funtion of fre-
queny ω is shown in Fig. 4. In this diagram, the frequeny of the osillator line is integrated
over and therefore the resonant ontribution is absent. Being small ompared with the seond
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ω1, r1
ω1 − ω2, l1
ω1 − ω, l2
k
l
ω2
ji
ω1 − ω, r2
Figure 4: A diagram representing a non-bubble ontribution to the noise spetrum. The solid
lines represent left and right side eletron Green's funtion, the wiggly line represents the osillator
Green's funtions. Integration over ω1 and ω2 is implied.
order ontribution to noise, this diagrams and other diagrams of this type an be disarded.
We will denote the resonant ontribution of the fourth order diagrams to the urrent
orrelator by S<res. It is given by the sum
S<res(ω) = S
<
v2w2(ω) + S
<
w4(ω), (4.30)
where S<v2w2(ω) and S
<
w4(ω) are the ontributions of the diagrams in Fig. 1 and Fig. 2,
respetively.
Evaluating the expression represented in Fig. 1 by performing the summation over the
ontour indies k and l, and inserting the bubbles and Green's funtions we get (see Appendix
B for details)
S<v2w2(ω) = −2iG
2
vwV J(ω), (4.31)
where the funtion J(ω) is speied in Eq. (4.11) and the ondutane given in Eq. (2.10).
This ontribution to the noise spetrum is peaked at ω = ±Ω due to the resonant behavior of
the harmoni osillator spetral funtion. The dependene of the peak height on the system
parameters will be disussed in setion IVC.
The ontribution ontaining two osillator Green's funtions in Fig. 2 is alulated in
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Appendix B to give
S<w4(ω) =
G2ww
2
∫ ∞
−∞
dω1J(ω1)J(ω − ω1)
+
G2ww
2
∫ ∞
−∞
dω1A(ω1)A(ω − ω1)
× [V −∆V (ω1)] [V −∆V (ω − ω1)] (4.32)
where we introdued the osillator spetral funtion A(ω) = i
[
DR(ω)−DA(ω)
]
. The de-
pendene of the ontribution to the noise spetrum, Eq. (4.32), on system parameters will
be disussed in setion IVC.
C. Resonant ontributions to the noise spetrum
The resonant ontribution to the noise onsists of peaks at zero frequeny, ω = 0, the
osillator frequeny, ω = ±Ω, and twie the osillator frequeny, ω = ±2Ω. Their heights
depend inversely on the damping oeient of the osillator, γ, and their width is propor-
tional to the damping oeient. In this setion we will disuss the properties of the peaked
struture and its dependene on environment parameters like bias voltage and temperature.
The peaked ontribution to the noise an be written as
S<res(ω) = S
<
−2(ω) + S
<
−1(ω) + S
<
0 (ω) + S
<
1 (ω) + S
<
2 (ω), (4.33)
where S<0 (ω) desribes the peaked ontribution to the noise spetrum at zero frequeny,
S<±1(ω) the ontributions at the osillator frequeny and S
<
±2(ω) the ontributions at twie
the osillator frequeny.
The peaks at the frequenies ω = ±Ω originate from the bubble ontribution, S<v2w2(ω),
given in Eq. (4.31). Inserting the expliit form of the osillator Green's funtions, Eqs. (3.7,
3.12), in Eq. (4.31), and using that the osillator Green's funtions are peaked at the osilla-
tor frequeny, we obtain for the resonant ontribution to the noise spetrum at the osillator
frequeny
S<±1(ω) =
γ2
(ω ∓ Ω)2 + γ2
PΩ. (4.34)
The peak height at the resonane frequeny is
PΩ =
2
γ
G˜2vwV [N
∗V+ + (N
∗ + 1)V−] , (4.35)
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where V± is given by Eq. (4.15) and N
∗
is the oupation number of the osillator. The
peak height sales inversely with the damping oeient γ. For large voltages V ≫ Ω the
peak height is linear in the oupation number N∗ and quadrati in the voltage. The result,
Eq. (4.35), extends the result from the Markovian master equation alulation in Refs. 16,17
to voltages smaller than the osillator frequeny.
The peaks at frequenies ω = 0 and ω = ±2Ω ome from the fourth order ontribu-
tion quadrati in the osillator Green's funtions, Eq. (4.32). The remaining integration in
Eq. (4.32) an be done and the dominating ontribution for weak damping omes from the
poles of the osillator Green's funtions. Colleting the ontributions to the peak at zero
frequeny we get
S<0 (ω) =
4γ2
ω2 + 4γ2
P0 (4.36)
where the peak height P0 is
P0 =
1
2γ
G˜2wwV
[
N∗2V+ + (N
∗ + 1)2V−
]
. (4.37)
The peak height at zero frequeny also sales inversely with the damping oeient γ and
depends quadratially on the ondutane G˜ww. The result for the peak at zero frequeny,
Eq. (4.36), oinides with the result obtained by using a Markovian master equation approah
as in Ref. 17, whih therefore orretly aptures the low frequeny noise.
The ontributions at double the osillator frequeny dier for positive and negative fre-
queny. In the viinity of ω = 2Ω,
S<2 (ω) =
4γ2
(ω − 2Ω)2 + 4γ2
P2Ω (4.38)
with the peak height given by
P2Ω = G˜
2
ww
1
4γ
V N∗ [V+N
∗ + V− (N
∗ + 2)] (4.39)
and for ω ∼ −2Ω
S<−2(ω) =
4γ2
(ω + 2Ω)2 + 4γ2
P−2Ω (4.40)
with the peak height
P−2Ω = G˜
2
ww
1
4γ
V (N∗ + 1)
× [V+ (N
∗ − 1) + V− (N
∗ + 1)] . (4.41)
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The peaks at double the osillator frequeny also show resonant behavior, i.e. the peak height
inreases with dereasing damping. For large voltages and oupation number, N∗ ≫ 1, it
depends quadratially on the osillator oupation number and the voltage.
The peak heights depend on the bias V , the environment temperature T and the relative
oupling strengths γe/γ and γ0/γ. In the following we disuss the peak heights in some
limiting ases.
1. Dominant oupling to the tunnel juntion
If the oupling between the osillator and the tunnel juntion is muh stronger than the
oupling to the thermal environment, γe ≫ γ0, the oupation number of the osillator is,
aording to Eq. (3.13), given by
N∗ =
1
2
(
SV (Ω)
Ω
− 1
)
. (4.42)
a. For high temperatures T ≫ V,Ω the oupation number of the osillator beomes
N∗ ≈ T/Ω. The funtions V± = V in this limit. The peak heights of the resonant ontribu-
tions to the noise spetrum are then at the osillator frequeny
PΩ = G˜
2
vw
4
γ
V 2
T
Ω
, (4.43)
and is linear in the environment temperature. The peak height at zero frequeny is
P0 = G˜
2
ww
1
γ
V 2
(
T
Ω
)2
, (4.44)
and depends quadratially on the environment temperature, whereas the peak heights at
twie the osillator frequeny beome
P±2Ω = G˜
2
ww
1
2γ
V 2
(
T
Ω
)2
, (4.45)
whih also sales quadratially in the environment temperature. For dominant oupling to
the juntion γ ∝ Gww and therefore all the peak heights beomes linear funtions of the
ondutane. The peak heights for high voltages V ≫ T,Ω an be obtained from the peak
heights at high temperatures by replaing T → V/2 in Eqs. (4.43, 4.44, 4.45).
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b. At low temperatures, T ≪ Ω, and low voltages V < Ω, the oupation number
approahes zero, N∗ ≈ 0. The peaks at the osillator frequeny as well as the peak at zero
frequeny and the peak at ω = 2Ω disappear
P0 = PΩ = P2Ω = 0. (4.46)
At ω = −2Ω we obtain a dip in the noise spetrum with depth
P−2Ω = −G˜
2
ww
1
2γ
V 2.
Sine in nanomehanial systems the oupling strength between the juntion and the osil-
lator an be tuned, we will also disuss the ase where the thermal environment dominates
over the juntion.
2. Dominant oupling to the thermal environment
Another limiting ase to onsider is the situation when the oupling to the thermal
environment dominates over the oupling to the tunnel juntion, γ0 ≫ γe. In the high
temperature limit, T ≫ V,Ω, we obtain the same results for the peak heights as in the
ase of dominant oupling to the juntion, sine for both ases the juntion and the thermal
environment at as thermal equilibrium environments with temperature T . For high voltages
and temperatures muh larger than the osillator frequeny, V ≫ T ≫ Ω, we get
N∗ =
γe
γ
|V |
2Ω
+
γ0
γ
T
Ω
≫ 1. (4.47)
The peak height at the osillator frequeny is
PΩ = G˜
2
vw
4
γ
V 2
(
γe
γ
|V |
2Ω
+
γ0
γ
T
Ω
)
. (4.48)
The peak height at zero frequeny is
P0 = G˜
2
ww
1
γ
V 2
(
γe
γ
|V |
2Ω
+
γ0
γ
T
Ω
)2
. (4.49)
The peak height at twie the osillator frequeny
P±2Ω = G˜
2
ww
1
2γ
V 2
(
γe
γ
|V |
2Ω
+
γ0
γ
T
Ω
)2
(4.50)
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is also quadrati in the oupation number. All peak heights depend inversely on the damp-
ing oeient γ, sine in the parenthesis γ appears only in the relative oupling strengths
γe/γ and γ0/γ.
For low temperatures T ≪ V,Ω we distinguish two regimes. For low voltages, V < Ω, we
obtain the same results as in the ase for strong oupling to the juntion sine N∗ ≈ 0. For
voltages V ≫ Ω
N∗ =
γe
γ
|V |
2Ω
. (4.51)
The funtions V± ≈ V ± Ω and we obtain for the peak height at the osillator frequeny
PΩ = G˜
2
vw
2
γ
V 2
(
2
(
γe
γ
|V |
2Ω
)
+ 1
)
, (4.52)
for the peak height at zero frequeny
P0 = G˜
2
ww
1
2γ
V 2
[
2
(
γe
γ
V
2Ω
)2
+ 2
(
γe
γ
|V |
2Ω
)
+ 1
]
(4.53)
and the peak heights at twie the osillator frequeny
P2Ω = G˜
2
ww
1
2γ
V 2
(
γe
γ
|V |
2Ω
)[(
γe
γ
|V |
2Ω
)
+ 1
]
(4.54)
and
P−2Ω = G˜
2
ww
1
2γ
V
[(
γe
γ
|V |
2Ω
)
+ 1
] [
V
(
γe
γ
|V |
2Ω
)
− Ω
]
. (4.55)
We have obtained the peak heights of the resonant peaks in the noise spetrum of a tunnel
juntion oupled to a harmoni osillator for arbitrary parameters V, T and γe, γ0. We nd
that if the osillator approahes the ground state, N∗ → 0, the peaks at positive frequenies
as well as the peak at zero vanish. In the next setion we are going to disuss an appliation
of the properties of the peaks in the noise spetrum of the juntion: noise thermometry.
V. NOISE THERMOMETRY
In experiments trying to ool a nanomehanial osillator to the ground state a diagnosti
tool is needed to hek the state of the osillator and to onrm, eventually, that the osillator
really is in the ground state. Coupling the osillator to an eletrial devie, e.g. a tunnel
juntion, gives a means to experimentally determine the state of the osillator, sine the
osillator inuenes the urrent and noise in the juntion. In a noise thermometry setup the
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noise that the osillator indues in the tunnel juntion is used to determine the temperature
or oupation number of the osillator.
As demonstrated, the noise spetrum of a tunnel juntion onsists of three peaks, one
at zero frequeny, one at the osillator frequeny and one at twie the osillator frequeny,
and the peak heights depend on the osillator oupation number. If the osillator ouples
weakly to the juntion the highest peak is at the osillator frequeny Ω. The relation for the
peak height, Eq. (4.35), an be used to determine the osillator oupation number in an
experiment. The usual experimental proedure (see Refs. 7,8) is to measure the peak height
as a funtion of temperature. Fig. 5 shows the expeted outome of suh a measurement,
the dependene of the peak height at the osillator frequeny, obtained from Eq. (4.35), as
a funtion of the environment temperature T for dierent bias voltages V and dominant
oupling to the juntion γe/γ = 10. The solid line shows the peak height for V = 0.1Ω.
It dereases monotonially for dereasing temperature, and beomes exponentially small at
low temperatures. The dashed and the dotted line show the peak height for voltages larger
than the osillator frequeny (V = 2Ω and V = 5Ω respetively).
The height of the peak PΩ an be onveniently saled to a dimensionless quantity Nc,
Nc = γ
PΩ
4G˜2vwV
2
, (5.1)
where the ombination γ/G˜2vw is a property of the devie. For high oupation numbers
(i.e. high temperatures or high voltage, max(V, T )≫ Ω), the dimensionless peak height Nc
gives the osillator oupation number: N∗ ≈ Nc. The normalization onstant, 4G˜
2
vwV
2/γ
in Eq. (5.1 ), an be read o as the high temperature slope in a plot of PΩ vs. T/Ω. In the
region of low oupation numbers we obtain the relation for the oupation number
N∗ = Nc −
1
2
V−
V
. (5.2)
where V−, Eq. (4.15), is a known funtion of the bias and temperature.
We note that for low temperatures and voltages the osillator oupation number is not
simply proportional to the peak height at the osillator frequeny. The relative oupation
number N∗/Nc is shown in Fig. 6 for dominant oupling to the juntion and dierent bias
voltages. At high temperatures the relative oupation number approahes unity, for low
temperatures and low voltages it departs from unity.
Another possibility to get information on the osillator oupation number is from the
peak heights at ω = 0 and ω = 2Ω using Eqs. (4.37, 4.39). The ombination of juntion
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Figure 5: The peak height of the noise at the osillator frequeny, PΩ, as a funtion of the
environment temperature T for dierent bias voltages and dominant oupling to the juntion,
γe/γ0 = 10, and G˜vw = 0.1. The full line shows the temperature dependene of the peak height
for V = 0.1Ω, the dashed line for V = 2Ω and the dotted line for V = 5Ω. As the environment
temperature approahes zero, the peak height vanishes for voltages V < Ω, but stays nite for
voltages V > Ω. The square dots mark dierent oupation numbers of the osillator as indiated.
parameters V 2G˜2ww/γ in Eqs. (4.37, 4.39) an be obtained, e.g, from the high temperature
slope in a plot of P0 vs. T
2/Ω2.
Sine the peak at the osillator frequeny is not isolated, but sits on a noise oor, the
question of observability of the peak arises. As a measure of observability we dene a signal
to noise ratio, the peak height relative to the oor
r =
PΩ
Svv(Ω) + Sww(Ω)
, (5.3)
and demand r > 0.1 for the peak to be observable. The peak height, PΩ, as well as the
magnitude of the noise oor, Svv(Ω) + Sww(Ω), depend on N
∗
, the juntion bias, and the
juntion temperature as well as the ondutanes Gvv, G˜vw and G˜ww. To investigate the
observability of the peak, we use Eq. (5.3) to nd the oupation number N∗ for a given
bias voltage, juntion temperature and a set of ondutanes, so that r = 0.2. The solid
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Figure 6: The relative oupation number of the osillator N∗/Nc as a funtion of the environment
temperature T for dierent bias voltages V and dominant oupling to the juntion, γe/γ0 = 10,
with G˜vw = 0.1. The full line shows the relative oupation number for low voltage, V = 0.1Ω, the
dashed line and the dotted line show the relative oupation number for high voltages, V = 2Ω and
V = 5Ω, respetively. For high temperatures T ≫ Ω, the relative oupation number approahes
unity. For low temperatures the relative oupation number an depart onsiderably from unity to
approah 1/(1 + γΩ/γeV ).
lines in Fig. 7 show the oupation number neessary to fulll r = 0.1 as a funtion of
voltage and juntion temperature. To detet an osillator lose to its ground state high bias
voltages and / or low juntion temperatures are neessary, as seen in Fig. 7. On the other
hand, high voltages heat the osillator, so that a ompromise between heating and readout
has to be found. To illustrate the heating eet, the dash-dotted lines show the oupation
number for dominant oupling to the juntion, γe/γ0 = 100. If one would like to read out
the osillator oupation number when N∗ < 0.1, without introduing heating, voltage and
temperature are onned to the shaded region on the left of Fig. 7. This example shows
that a good signal to noise ratio for the readout and a minimal heating of the osillator are
omplimentary requirements.
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Figure 7: The solid lines show are a ontour plot of the minimum oupation number neessary to
observe the peak at the osillator frequeny with a S/N ratio r > 0.2, as a funtion of voltage and
temperature with relative ondutanes Gvv/G˜vw = 10 and Gww/G˜vw = 0.1 . The dashed lines are
a ontour plot of the oupation number of the osillator for dominant oupling to the juntion,
γe/γ0 = 100. The shaded region to the left marks the parameter regime that allows a readout of
the osillator oupation number without heating the osillator.
VI. CONCLUSION
We have onsidered a nanomehanial resonator interating with a d-biased tunnel jun-
tion. We model the resonator as a harmoni osillator and the interation is introdued via
the modulation of the tunneling amplitude by oupling to the harmoni osillator position.
Employing a Green's funtion tehnique we alulated the properties of the stationary state
of the osillator, obtaining that the oupling to the juntion introdues damping and heats
25
the osillator. The expression Eq. (3.13), for the temperature of a harmoni osillator ou-
pled to a tunnel juntion was also obtained in Ref. 17 using a Markovian master equation
approah. The reason for the oiniding results derived by two dierent tehniques is due
to the same weak oupling approximation made in both derivations. Both, the perturbative
Green's funtion alulation presented here and the Markovian master equation an only
be applied for weak oupling between the environment and the osillator. In the master
equation approah the weak oupling leads to a separation of time sales of the environment
evolution and the evolution of the density matrix, resulting in a Markovian master equation.
Here the same argument is used in the frequeny domain: The width of the osillator spetral
funtion is small on the sale of the frequeny dependene of the environment orrelation
funtions.
The urrent-voltage harateristi of the juntion has been obtained. The stationary state
urrent is seen to onsist of two ontributions. One ontribution is the urrent through an
isolated juntion, whereas the other ontribution, dependent on the state of the osillator,
stems from osillator assisted tunneling. The expression obtained for the d-urrent is in
aordane with the result previously derived using a master equation tehnique.
17,31
The
additional urrent arising from the inuene of the osillator on the juntion transmission,
Eq. (4.13), vanishes if the osillator is in the ground state and the voltage aross the juntion
is smaller than the osillator frequeny. We observe therefore that the zero point utuations
of the osillator position do not aet the eletri urrent.
The main part of the paper presents the alulation of the eletri noise due to osillator-
assisted tunnelling. The unsymmetrized urrent-urrent orrelator has been evaluated for
arbitrary frequenies, bias voltages, and environment temperatures. The noise spetrum
onsists of a smooth noise oor and a peaked resonant struture.
As a funtion of frequeny ω, the noise oor varies on the sale max(T, V,Ω). The
ontribution of the osillator is shown to vanish at positive frequenies when the osillator
is in the ground state and the bias voltage is smaller than the osillator frequeny. The
expressions Eqs. (4.24, 4.29) for the seond order noise generalize the result obtained by a
Markovian master equation derived in Ref. 17. In the Markovian master equation alulation
a onstant noise oor was obtained, whereas the Green's funtion alulation presented here
aptures the frequeny dependent noise oor. As expeted, in the low frequeny limit, we
reover the result obtained by the Markovian master equation approah.
26
The resonant struture in the noise spetrum, S<(ω), onsists of peaks at zero frequeny,
ω = 0, the osillator frequeny, ω = ±Ω, and twie the osillator frequeny, ω = ±2Ω. Being
present only for a nite voltage aross the juntion, the resonanes are of non-equilibrium
origin, and their intensities at positive and negative frequenies are not related by the
detailed balane relation.
26
The peaks at the osillator frequeny have the same height
for positive and negative frequenies, whereas the peaks at double the osillator frequeny
are asymmetri. The peaks at ω = ±Ω stem from proesses involving a single vibrational
quantum, and their height is therefore linear in the osillator oupation numberN∗, whereas
the proesses leading to the peaks at ω = 0 and ω = ±2Ω involve two quanta and the peak
heights are quadrati in N∗. If the osillator is in the ground state, the peaks at positive
frequenies vanish in the limit where the bias voltage is smaller than the osillator frequeny
but a dip in the noise spetrum remains for negative frequenies.
For bias voltages smaller than the osillator frequeny and the osillator in the ground
state, we nd no osillator dependent noise at positive frequenies: Both the osillator de-
pendent ontribution to the noise oor as well as the peaks at positive frequenies disappear
from the unsymmetrized noise spetrum, S<(ω). The osillator ontribution to the urrent-
urrent orrelator at negative frequenies remains nite even for voltages smaller than the
osillator frequeny.
To understand this result we onsider a setup for measuring urrent utuations. Lesovik
and Loosen
24
as well as Gavish, Levinson and Imry,
26
introdued a damped harmoni osilla-
tor with resonane frequeny Ω0 as a meter of urrent utuations. For linear oupling of the
osillator to the urrent in the juntion, they obtained the deviation of the meter position
utuations, 〈X2〉, from the equilibrium value in terms of the urrent-urrent orrelators of
the juntion, S< and S> (see Eq. (4.6)), and the meter oupation number, NΩ0 ,
δ
〈
Xˆ2
〉
= A [(NΩ0 + 1)S
<(Ω0) +NΩ0S
>(Ω0)] , (6.1)
where A is the oupling strength and NΩ0 is the Bose funtion with temperature T . Note
that the argument of the noise spetrum S<,>, the osillator frequeny Ω0 is positive. Let
us onsider the meter utuations in dierent temperature ranges. For large detetor tem-
peratures T ≫ Ω0, and onsequently NΩ0 ≫ 1, the meter utuations are proportional to
the symmetrized urrent-urrent orrelator of the juntion, S> + S<. A passive detetor
 a detetor at low temperature T ≪ Ω0, when NΩ0 ≪ 1  measures the unsymmetrized
27
urrent-urrent orrelator S< at positive frequeny. In aordane with these arguments,24,26
only the part of S< at positive frequenies desribes physial noise, understood as random
ow of energy from the system to environment.
We an now understand our results for the urrent-urrent orrelator S<(ω) with the
help of Eq. (6.1). A passive detetor detets only the positive frequeny part of the urrent-
urrent orrelator. Our alulations show vanishing S<(ω) at positive frequenies ω in the
ase when the osillator is in the ground state, and thus the ground state does not ontribute
to the physial noise in the tunnel juntion in ompliane with general expetations.
In experiments with nanomehanial resonators utilizing eletrial devies as detetors,
noise properties an funtion as a diagnosti tool in determining the state of the resonator.
We have shown how peaks in the noise power spetrum an at as a measure for the osillator
oupation number and disussed the riteria for observing these peaks.
In this paper we presented a alulation of the noise indued by an osillator in a tun-
nel juntion. The obtained results are valid at arbitrary parameters and thus also in the
important region where the osillator approahes the ground state.
Appendix A: JUNCTION GREEN'S FUNCTIONS
In this setion we are going to alulate the juntion Green's funtions that appeared in
the alulation of the properties of the osillator stationary state, the average urrent and
the noise. The juntion Green's funtions enountered are
Π+uu′(τ1, τ2) = −i 〈Tc (hu(τ1)hu′(τ2))〉 ,
Π−uu′(τ1, τ2) = −〈Tc (hu(τ1)ju′(τ2))〉 , (A1)
where the notation was introdued in setion II, and the ontour times disussed in setion
III. In terms of the tunneling operators T and T †, Eq. (2.3), taken in the interation piture,
we have
Π±uu′(τ1, τ2) = −i
[〈
Tc
(
Tu(τ1)T
†
u′(τ2)
)〉
±
〈
Tc
(
T †u (τ1)Tu′(τ2)
)〉]
. (A2)
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Inserting the tunneling operator from Eq. (2.7) we get the symmetri and antisymmetri
ombinations of left and right eletrode eletron Green's funtions
Π±uu′(τ1, τ2) = −i
∑
lr
ulru
′
rl
[Gl(τ2 − τ1)Gr(τ1 − τ2)
±Gr(τ2 − τ1)Gl(τ1 − τ2)] , (A3)
where we introdued the eletron Green's funtion for the right and left eletrodes, for
example
Gl(τ1, τ2) = −i
〈
Tc
(
cl(τ1)c
†
l
(τ2)
)〉
. (A4)
The Green's funtions of interest an be obtained by standard tehniques. For example,
Π<uu′±(t1, t2) = −i
[〈
T †u′(t2)Tu(t1)
〉
±
〈
Tu′(t2)T
†
u (t1)
〉]
,
is given in terms of its Fourier transform
Π<uu′±(ω) = −2πi
∑
lr
ulru
′
rl
[f(ǫl)− f(ǫr)]
×{[1 + n(ǫr − ǫl)] δ(ǫr − ǫl + V − ω)
± n(ǫr − ǫl)δ(ǫr − ǫl + V + ω)} , (A5)
where n(ω) is the Bose funtion. For voltages V ≪ EF we obtain the approximate relation
∑
lr
ulru
′
rl
[f(ǫl)− f(ǫr)] δ(ǫr − ǫl + V )
= V
∑
lr
ulru
′
rl
(
−∂f(ǫl)
∂ǫl
)
δ(ǫr − ǫl), (A6)
as tunneling amplitudes depend only weakly on their arguments, so that
Π<uu′±(ω) = iGuu′ [(V − ω) [1 + n(V − ω)]
± (V + ω)n(V + ω)]
where we introdued the ondutane
Guu′ = 2π
∑
lr
ulru
′
rl
(
−
∂f(ǫl)
∂ǫl
)
δ(ǫr − ǫl). (A7)
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The retarded, advaned and Keldysh bubbles
ΠRuu′±(t1 − t2) = −iθ(t1 − t2)
[〈[
Tu(t1), T
†
u′(t2)
]〉
±
〈[
T †u (t1), Tu′(t2)
]〉]
ΠAuu′±(t1 − t2) = −iθ(t2 − t1)
[〈[
Tu(t1), T
†
u′(t2)
]〉
±
〈[
T †u (t1), Tu′(t2)
]〉]
ΠKuu′±(t1 − t2) = −i
[〈{
Tu(t1), T
†
u′(t2)
}〉
±
〈{
T †u (t1), Tu′(t2)
}〉]
(A8)
an be alulated in a similar way to give
Π−uu′(ω) = −i

 ΠR−(ω) ΠK− (ω)
0 ΠA−(ω)


uu′
(A9)
with
ΠRuu′−(ω) = −iGuu′V +R
−
uu′(ω)
ΠKuu′−(ω) = −2iGuu′∆V (ω) (A10)
and the advaned part given by ΠA−(ω) =
[
ΠA−(ω)
]∗
, with the funtions SV (ω) and ∆V (ω)
dened in Eqs. (3.6, 4.12) respetively, and similarly Π+uu′(ω) is given by Eq. (3.5).
The real parts of the retarded Π±uu′(ω) are given by
R±uu′(ω) = 2π
∑
lr
ulru
′
rl
[f(ǫl)− f(ǫr)] (P− ± P+) (A11)
with P± = 1/(ǫl − ǫr ± V + ω). To estimate the real parts, we ignore the weak energy
dependene of the transmission amplitudes and the eletron density of states are onstants
up to a ut-o frequeny of the order of the Fermi energy EF . For frequenies and voltages
muh smaller than the uto frequeny, ω, V ≪ EF , we an approximate the reative parts
of the response funtions Eq. (A11) to give
R−uu′(ω) ∼ Guu′V
ω
EF
R+uu′(ω) ∼ Guu′EF . (A12)
This onludes our alulation of the juntion Green's funtions.
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Appendix B: FOURTH ORDER DIAGRAMS
In this appendix we give the algebrai expressions for the fourth order diagrams on-
tributing to the urrent-urrent orrelator. Let us onsider, for example, the ontribution
ontaining bubbles that is linear in the osillator Green's funtion, i.e., the diagrams depited
in Fig. 1
S<v2w2(ω) = −i
∑
kl
skl
(
Πl1−(ω)Π
k2
− (ω)D
kl(ω)
+Πl1−(0)Π
k2
− (0)D
12(ω)
+Πl1−(ω)Π
k2
− (0)D
k2(ω)
+Πl1−(0)Π
k2
− (ω)D
k1(ω)
)
, (B1)
where the full osillator Green's funtion appears, aounting for the inuene of the inter-
ation with the tunnel juntion and the matrix
skl =

 1 −1
−1 1


(B2)
introdues the orret signs for forward and bakward ontour (to simplify notation, we
suppress subsripts v and w on the right hand side). Performing the summation over the
ontour indies k and l, and inserting the bubbles and Green's funtions we obtain Eq. (4.31).
Similarly, the ontribution from diagrams ontaining two osillator Green's funtions, see
Fig. 2, beomes
S<w4(ω) =
∑
kl
skl
∫
dω1Λ
kl(ω, ω1), (B3)
Λkl(ω, ω1) = Π
l1
−(ω1)Π
k2
− (ω1)D
kl(ω1)D
21(ω − ω1)
+ Πl1−(ω − ω1)Π
k2
− (ω1)D
2l(ω − ω1)D
k1(ω1).
Doing the summation and inserting the bubbles and osillator Green's funtions we obtain
Eq. (4.32), where we negleted a non-resonant ontribution that is small ompared to the
seond order ontributions to the noise oor, Eqs. (4.29, 4.24).
All diagrams not ontaining bubbles are of the non-resonant kind, i.e. osillator Green's
funtions always appear under frequeny integration. A typial non-bubble ontribution to
the noise spetrum is shown in Fig. 4 and given by
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s¯<v2w2(ω) =
∫
dω1dω2
∑
kl
skl
∑
l1r1
∑
l2r2
v2w2G1k
l1
(ω1−ω2)G
2l
l2
(ω1−ω)G
k2
r1
(ω1)G
l1
r2
(ω1−ω)D
k1(ω2).
(B4)
Sine there are no resonant peaks present, ontributions of this type have to be ompared to
the seond order ontribution to the noise oor, Eqs. (4.24, 4.29) and sine they are always
of higher order in tunneling they an be negleted.
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